Abstract. In this paper we give a new interpretation of Ball's classes Ap,q in terms of composition operators on Sobolev spaces. In the frameworks of the non-linear elasticity problems we propose a generalization of these classes as mappings of finite integrable inner distortion and we prove a weak regularity of inverse mappings.
Introduction
The variational formulation of the non-linear elasticity problems is based on the non-linear energy integrals E p (Ω; Ω) :=Ω |Dϕ(x)| p dx of deformations ϕ : Ω → Ω [1, 2] . In the present article we give connection between the energy of the deformation and variation of the energy of bodies Ω and Ω in the terms of composition operators on Sobolev spaces generated by the deformations:
J. M. Ball [1, 2] introduced classes of continuous mappings ϕ : Ω → Ω, where Ω, Ω ⊂ R n are bounded Lipschitz domains, such that
, where p ≥ n − 1 and q ≥ p/(p − 1) (see, also [17, 18, 21] ). We prove that in the case of homeomorphisms the condition adj Dϕ ∈ L q (Ω) in the critical case q = p/(p − 1) means that the inverse mappings ϕ −1 generate a bounded composition operator
( Ω) under additional assumptions of weak regularity (ϕ has the Luzin N -property and is a mappings of finite distortion).
Because Sobolev classes of mappings can be described in the terms of composition with Lipschitz functions [8, 23 ] the Ball's classes can be interpreted as classes that allow finite variation of the non-linear energy: mappings. Recall that a homeomorphism ϕ : Ω → Ω is called the weak (p, q)-quasiconformal mapping, if ϕ ∈ W 1 1,loc (Ω), has finite distortion, and
where a p-dilatation of the mapping ϕ at a point x is defined by
The reinterpretation of Ball's classes of homeomorphisms in terms of two-side estimates of composition operators on Sobolev spaces (1.1) lead us to the following generalization of Ball's classes
where K p,q and K I p,q are the integral distortion and the integral inner distortion of corresponding weak (p, q)-quasiconformal mappings. The concept of the integral inner dilatation, from the point of view of composition operators, is new and will be discussed in details. We consider the classes of mappings with the integrable inner (p, q)-dilatation from the point of view of energy type deformations under non-linear deformations of elastic bodies.
Two-side estimates (1.2) allow us to prove existence of inverse composition operators in appropriate Sobolev spaces. Previous results of the geometric theory of composition operators on Sobolev spaces [8, 22, 27] state that these inverse mappings are Sobolev mappings (that describe a type of inverse deformations regularity). This approach allows us to "linearize" the non-linear elasticity problems as composition operators problems that permit us to use functional analysis methods for regularity properties of inverse deformations.
Weak regularity properties of mappings inverse to Sobolev homeomorphisms were intensively studied in the last decades. In frameworks of the geometric theory of composition operators on Sobolev spaces in [23] it was proved that mappings inverse to Sobolev homeomorphisms of the class L 1 q (Ω), q > n − 1, belongs to the class BV (Ω ′ ) and in [8] it was obtained that mappings inverse to Sobolev homeomorphisms of finite distortions of the class L 
The weak differentiability of mappings inverse to Sobolev homeomorphisms of finite distortion with |Dϕ| ∈ L n−1,1 (Ω) was proved in [11] . In [3] was stated that mappings inverse to Sobolev homeomorphisms of finite distortions of the class W 1 n−1 (Ω) are Sobolev mappings. In the recent paper [12] in the frameworks of the elasticity theory were considered bi-Sobolev mappings ϕ :
n (Ω) we conclude that adj Dϕ ∈ L n/(n−1) (Ω) and as result ϕ and ϕ −1 belongs to the Ball classes A n,n/(n−1) and by [8] ϕ and ϕ −1 are weak (n, 1)-quasiconformal mappings [22, 27] .
Note that the energy inequality (1.2) leads to corresponding capacity estimates. It means that that an image of a cavitation of p-capacity zero in a body Ω has q-capacity zero in ϕ(Ω) and can not leads to the body breaking upon these deformations. So, the cavitation can be characterized in capacitary terms.
Composition operators on Sobolev spaces
In this section we give technical preliminaries of the Sobolev spaces theory and the geometric theory of composition operators on Sobolev spaces.
2.1. Sobolev spaces. Let E be a measurable subset of R n , n ≥ 2. The Lebesgue space L p (E), 1 ≤ p ≤ ∞, is defined as a Banach space of p-summable functions f : E → R equipped with the standard norm.
If Ω is an open subset of R n , the Sobolev space W 1 p (Ω), 1 ≤ p ≤ ∞, is defined as a Banach space of locally integrable weakly differentiable functions f : Ω → R equipped with the following norm:
is defined as a space of locally integrable weakly differentiable functions f : Ω → R equipped with the following seminorm:
Sobolev spaces are Banach spaces of equivalence classes [16] . To clarify the notion of equivalence classes we use the non-linear p-capacity associated with Sobolev spaces. Recall the notion of the p-capacity of a set E ⊂ Ω [16] . Let Ω be a domain in R n and a compact F ⊂ Ω. The p-capacity of the compact F is defined by
where infimum is taken over all continuous functions f ∈ L 1 p (Ω) with a compact support such that f ≥ 1 on F . By the similar way we can define p-capacity of open sets.
For arbitrary set E ⊂ Ω we define an inner p-capacity as
and an outer p-capacity as
is called the p-capacity of the set E ⊂ Ω.
The notion of p-capacity permits us to refine the notion of Sobolev functions.
is defined quasieverywhere i. e. up to a set of p-capacity zero and it is absolutely continuous on almost all lines [16] . This refined functionf ∈ L
Recall that a functionf is termed quasicontinuous if for any ε > 0 there is an open set U ε such that the p-capacity of U ε is less than ε and on the set Ω \ U ε the functionf is continuous (see, for example [10, 16] ). In what follows we will use the quasicontinuous (refined) functions only.
Note that the first weak derivatives of the function f coincide almost everywhere with the usual partial derivatives (see, e.g., [16] ).
Composition operators. Let ϕ : Ω → R
n be a weakly differentiable mapping. Then the formal Jacobi matrix Dϕ(x) and its determinant (Jacobian) J(x, ϕ) are well defined at almost all points x ∈ Ω. The norm |Dϕ(x)| is the operator norm of Dϕ(x), i. e., |Dϕ(x)| = max{|Dϕ(x) · h| : h ∈ R n , |h| = 1}. We also let l(Dϕ(x)) = min{|Dϕ(x) · h| : h ∈ R n , |h| = 1}. Recall that a weakly differentiable mapping ϕ : Ω → R n is the mapping of finite distortion if Dϕ(x) = 0 for almost all x ∈ Z = {x ∈ Ω : J(x, ϕ) = 0} [25] .
Let us reproduce here the change of variable formula for the Lebesgue integral [4, 9] . Let a mapping ϕ : Ω → R n be such that there exists a collection of closed sets
⊂ Ω for which restrictions ϕ| A k are Lipschitz mapping on the sets A k and
Then there exists a measurable set S ⊂ Ω, |S| = 0 such that the mapping ϕ : Ω \ S → R n has the Luzin N -property and the change of variable formula
holds for every measurable set E ⊂ Ω and every non-negative measurable function f : R n → R. Here N f (y, E) is the multiplicity function defined as the number of preimages of y under f in E.
Note, that Sobolev mappings of the class W 1 1,loc (Ω) satisfy the conditions of the change of variable formula [9] and so for Sobolev mappings the change of variable formula (2.1) holds.
If the mapping ϕ possesses the Luzin N -property (the image of a set of measure zero has measure zero), then |ϕ(S)| = 0 and the second integral can be rewritten as the integral on R n . Note, that Sobolev homeomorphisms of the class L 1 p (Ω), p ≥ n, possess the Luzin N -property.
Let Ω and Ω be domains in R n , n ≥ 2. We say that a homeomorphism ϕ : Ω → Ω induces a bounded composition operator
by the composition rule ϕ
is defined quasi-everywhere in Ω and there exists a constant
. The problem of composition operators on Sobolev spaces arises firstly in the work [15] where sub-areal mappings were introduced and in the Reshennyak's problem (1969) connected to quasiconformal mappings [24] . In connection with the geometric function theory we define p-dilatation of a mapping ϕ at a point x as
If p = n we have the usual conformal dilatation and in the case p = n the pdilatation arises in [5] .
The geometric theory of composition operators on Sobolev spaces is based on the measure property of norms of composition operators introduced in [22] 
(where 1/q − 1/p = 1/κ) is a bounded monotone countably additive set function defined on open bounded subsets A ⊂ Ω.
The following theorem allows us to refine this function Φ as a measure generated by the p-dilatation K p . Theorem 2.2. A homeomorphism ϕ : Ω → Ω between two domains Ω and Ω induces a bounded composition operator
1,loc (Ω), has finite distortion, and
This theorem in the case 1 ≤ q = p < ∞ was proved in [6] and in the case 1 ≤ q < p < ∞ in [22] (see also [27] ), case p = ∞ was considered in [8] . Mappings that satisfy conditions of Theorem 2.2 are called weak (p, q)-quasiconformal mappings [6, 26] and are a natural generalization of quasiconformal mappings (p = q = n).
Composition operators and Ball classes
In this section we consider applications of the geometric theory of composition operators on Sobolev spaces to the non-linear elasticity problems.
Lower estimates of composition operator norms.
Let Ω and Ω ′ be two domains in R n and ϕ : Ω → Ω ′ be a mapping of finite distortion of the class W 1 1,loc (Ω). We define the inner q-dilatation of ϕ at a point x as
Its global integral version we call an inner (p, q)-distortion, 1 ≤ q ≤ p ≤ ∞:
and we obtain an explanation in terms of the inner (p, 1)-dilatation of the Ball's classes A p,q (Ω) for p ≥ n − 1 and q = p/(p − 1). In the context of Ball's classes we consider in this section Sobolev mappings of the class L 1 p (Ω).
Next theorems explain our generalization of the Ball's classes on the base of the finite non-linear energy variation and its connection with composition operators on Sobolev spaces.
holds if and only if ϕ possesses the Luzin N -property and
Proof. Necessity. Let the inequality (3.1) holds, then ϕ −1 generates a bounded composition operator
Hence by Theorem 2.2 the inverse mapping ϕ −1 : Ω ′ → Ω belongs to the Sobolev space W 1 1,loc (Ω ′ ), has finite distortion and ess sup
Note, that in the case 1 ≤ p < n the mapping ϕ −1 possesses the Luzin N −1
property [27] . Hence, under conditions of the theorem, ϕ ∈ L 1 p (Ω), possesses the Luzin N -property for all 1 ≤ p < ∞ and we have that K I p,p (Ω) = 0 on the set Z = {x ∈ Ω : J(x, ϕ) = 0}, and
Because ϕ has N -property, by the change of variables formula we have
Recall that Z = {x ∈ Ω : J(x, ϕ) = 0}. Because ϕ has the finite distortion then l(Dϕ(x)) = 0 for almost all x ∈ Z and we have
Proof. Necessity. Let the inequality (3.2) holds, then ϕ −1 generates a bounded composition operator
Hence by Theorem 2.2 the inverse mapping ϕ −1 : Ω ′ → Ω belongs to the Sobolev space W 1 1,loc (Ω ′ ), has finite distortion and
Note, that in the case 1 ≤ q < p < n the mapping ϕ −1 possesses the Luzin N −1
property [27] . Hence, under conditions of the theorem, ϕ ∈ L 1 p (Ω) possesses the Luzin Nproperty for all 1 ≤ p < ∞ and we have
Now, using the Hölder inequality we obtain
On the base of Theorem 3.2 and Theorem 3.3 we obtain regularity properties of the inverse mapping ϕ −1 : Ω ′ → Ω of homeomorphisms of integrable inner q-dilatation. This result gives the regularity of inverse deformations with finite variation on non-linear energy. 
and generates a bounded composition operator
Proof. By Theorem 3.2 and Theorem 3.3 we have a lower estimate of the composition operator:
and by [22, 27] the inverse mapping ϕ −1 belongs to the Sobolev space L 1 q,loc (Ω ′ ).
In [8] it was proved that the inequality
. Combining the previous theorems and this inequality we immediately obtain 
hold for all 1 ≤ q ≤ p < ∞.
Capacity estimates
Recall the notion of a variational p-capacity [7] . A condenser in the domain Ω ⊂ R n is the pair (F 0 , F 1 ) of connected closed relatively to Ω sets
is called an admissible function for the condenser (F 0 , F 1 ), if the set F i ∩ Ω is contained in some connected component of the set Int{x|u(x) = i}, i = 0, 1. We call as the p-capacity of the condenser (F 0 , F 1 ) relatively to domain Ω the following quantity:
Here the greatest lower bond is taken over all functions admissible for the condenser
If the condenser has no admissible functions we put the capacity equal to infinity. Composition operators on Sobolev spaces allow the capacitary description. On this way composition operators on Sobolev spaces closely connected with so-called Q-homeomorphisms [14] . Study of Q-homeomorphisms are based on the capacitary (moduli) distortion of these classes and is upon intensive development at last decades (see, for example, [13, 19, 20] ).
The following theorems give the capacitory description of the mappings with integrable inner dilatation. Proof. By Theorem 3.4 the inverse mapping ϕ −1 : Ω ′ → Ω generates a bounded composition operator
Hence, by [22, 26] for every condenser (F 0 , F 1 ) ⊂ Ω the inequality On the base these capacity estimates we can say that an image of a cavitation of p-capacity zero in Ω can has q-capacity zero and can not leads to breaking under deformations with finite K I p,q (Ω).
